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Results of Special Types for Subclasses
of Analytic Functions

Faisal Al-Kasasbeh®

Abstract

A subclass of normalized analytic functions symmetric with respect to
points is introduced. The second, the third and the fourth coefficients
bounds are obtained. The Fekete-Szego inequality for a univalent
normalized functions f in the subclass SK_ (4, 4, B) is obtained and Hankal

determinant inequalities are estimated. The

solution w = f(z) = Bexp [;_1—1] Is given for some values of a constant

for the differential equation
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Introduction

Let .4 denote the class of allnormalized analytic functions in unit disk
D ={z:|z| < 1}in the form f(z) =z + ¥ .a, z", Where a, e . And let 5be
the subclass of -4 consisting of univalent functions. For two functions
f.g € 4, we say f is subordinate to g in D, written as f « gor f(z) < gz, if
there exists a Schwarz function wi{z) with w(0) = 0 and lw(z)| < 1 such that
flz) = g(w(z)) for z e D. Moreover, if g is univalent in o then; f< g if and
only if £(0) = g(0) and F(D) < g(D).

In 1959, Sakaguchi(1959) introduced a subclass s; of starlike
functions with respect to symmetric points as follows: A function f e &; is
starlike with respect to symmetric points if

='(2)
R (f(x}—fli-x}

In 1977, Das and Singh(1977) introduced other subclasses of convex
functions with respect to symmetric points as follows: A function 7 € &, is
convex with respect to symmetric points if

)}0 , forall =z & T,

rzf" =2
Re (—rﬁﬂ_ﬂ_ﬂ} ] =0, forall zeD.
After that many authors such as Owa et al. (1988), Wu(1987) and
(Sakaguchi, 1959, Goel, & Mehrok, 1982., Abdul Halim, 1999., Mishra et
al., 2016) discussed results of the above subclasses. In 1982, Goel and
Mehrok introduced the subclass s; (4, ) of &, interm of subordination.

Definition 1.1(Goel, & Mehrok, 1982) An analytic function f e A is
said to be belonging to the subclass s; (4. By, if

=zF' (=) 1+4z
Flzl—fFi—=) 1+EB=z

,for-1=p<A=1andzeD. (1.2

Definition 1.2(Selvaraj & Vasanthi, 2011) An analytic function f € -4 is
said to be belonging to the subclass k (4. B}, if

rzf (=" 1+4z

,for-1 =B <4 = 1andzed. (1.2)

—
(flzd-fl-z)} ~ 1+B=z
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Definition 1.3(Ravichandran , 2004). A function fe .4 is in the class
&g, if
=f (=)

<Fz) =1+8=z+ 5=z + |, forzeD. (1.3)

fled-fi—z)

ANd a function f € A is in the class K, (£), if

=f 2’
- . . . ..T
(Flzl—fl-2)

< Fz)=1+Fz+5z"+ , forzel. (1.4)

In this paper, the operator ¢, of a function g is defined to be;

o, (flz)) = L2 C0 e where  noe {0.1.2.3, .. 0

flz)- ;-:—x:- +1

_ n
=z 4 X5y G2

In particular, if n =0 then @,(f(z)) =

Definition1.4. An analytic function f e .4 is said to be belonging to the
subclass 5k,(4, A, By, if

x,r |x"|

Lrl"l
for 1el0l]l, -1=B<A<1andzeD.

+ (1 - B s (1.5)

@, (f(z)} 1482

A——=

Definition1.5. An analytic function fe.4 is said to be belonging to
the subclass s5k,¢1.£), if

rzf (z)y"

Lrl"l

x_,l' |x"|

Ty <f@ =1+&z + 527+, (1.6)

A== 1 — 1) =—==

It is clear that if i=1 then 5K.(1.4.B)=57(4,B), and if 1 =0 then
Sk, (0,A.B) =K,(4,B). So that 5;7(4,B) and k,(4.E) are two subclasses of
SK,(1, A, B).

Furthermore, Let 7 denote the class of functions £(z) of the form

Flz) =1+ Enz™ , forallz

ED (1.7)
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Which are analytic in . If £#(z) e 7 satisfies Re £(z) = 0(z € D), then we
say that £(z) is the Carathsodory function and #(z) = == | for

1+E5z
—1=<B=A=1.

Fora.pec witha =5, 1Bl =114l =1, Re(4B) = 1 the function (z) is
analytic univalent in 7, and Re((z)) = == = .

If £esk, (4B and £(w() =22 then
] zf'(z) sU-D (zf'(z)) 1+ Aw(z) £,

oo (=) o (Ff@) 1+Bul®

Lemma 1.1(Goel & Mehrok, 1982) .Iff is given by (1.7),
thenlz,| = (4 — B), for n=123,..

Lemma 1.2. (Pommerenke, 1975). If £ is given by (1.7), then

£l =2, Ffor each n.

Lemma 1.3.(Ma & Minda, 1994). If p(z) =1+ez4e,z° £ 0S an
analytic function with positive real part in o, then

—dy + 2 :'f'u:_:{[]
|C:—1’CE|= 2 ff[]ﬂ'llﬂl .

4v -2 if 1<v

1+z

When v = 1 or v < 0, the equality holds if and only if p,(z) = = orone

1

of its rotations. If 0<v =1, then the equality holds if and only if

p.(z) =25 If v = 0, the equality holds if and only if
14114 1—yy1—
pif(,zil=( 2}]1_§+( 2]]1;, for (0=y=1)

or one of its rotations. If v = 1, the equality holds when the reciprocal
of one of the functions such that the equality holds in the case of v = 0. Also
the above upper bound is sharp, and it can be improved as follows when
0=<v=1:

ra| =

le; —vell +vley | =2 (O<vs

)
And

—vell+(1-1eP=2 C=v=1).
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The main results

We obtain the coefficients bounds for a function f belong to the
subclass 5k, (1, A, B).

Theorem 2.1 Letf(z) =1+ £,z +£,z% + - and f € 5K,(1.Z). Then

o, < £(0)
22—
o] < £"(0)
PTa(3-20)
ol < 1 (.,r"{n].,r’{n] 2+ &0 E”’{UJ)
%2 e \2G_21) BZ-DG-20 T 6 )
Proof.

Since i zf' (z) o, (f @) + 1 = Dzf (@) p,(f@)) = £(2) 9o F2)) 0, (F (@)
Then

J-.(z+z nag z")(l +Z{2ﬂ + Dagn g z:”)+
n=1

= =

(1-A +Z nla, z" Yz + Z Qyne1Z Y =

n=2 n=1
( Z ](z+2ur.+lz i""1][1 Z 20+ 1)agp. 20"
\ n=1 . n=1 n=1

Then
da, — 2a, A= F(0),120a; + 20a; (1 — 1) = F"(0) + Ba,
And  64a, +12ia.8, + 2460, — 721a, = 24a, F'(0) + £7(0).

Thus
(0 o
la, | = ":D ,Iagl_i‘u'ﬂand
la.| < 1 ( Tlodglo) (24087 C0)ET(0) ”"n‘l)
s 404-30 N\ z(3-243) glz-(z-20 &8 A
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The next corollary is a result from Theorem2.1 and Lemma 1.1.
Corollary 2.1 .Let fe Sk, (1, A B)for —1=B<A=<1. Then

(A—B)
ol <37
o< BB
ERRTEIETY.
o] < 1 ({A—E‘]: 2+ 04 -B) y B)
%l =G \G o) we-nE_zw @B}

In this paper, the Fekete-Szego inequality for a univalent normalized
functions f in the subclass Sk, (4, 4, B) is obtained .

Theorem2.2. Letf(z) =1+ &z + £z ++ and  fe 5K, (1.£). Then
£"(0) (£'(0))?

23 —22) 2 _a)e fus=é
1 < £"(0)
GE —In'.,lﬂ-: = m f515.“::'5
—£"(0) (£'(0))2
2B —20 T *a-onz fuzs
Where
5. = -2 -4) 5 = (. +5)E-2)
YToH@E-my YT H@E-
And
42 -G - £) - FB - 22))
o F2(3 - 24) |
Proof. If p(z) = A;"&—”;+ (1-2) ?J‘:‘bx; =14p z+pzt+
thenz(2 — 1)a, =p», and 2(3-20)a; =p, .
Letp < £ such that p~t(z) = % =1l+4+ez+ezi+-(=p(z))isan

analytic function with a positive real part in ©. Then

p{z3=-f(pl{z]_1)=f( e ) = (et Heamtedt 4 )

plz) +1 2474zt 4o 2
= ?1'51512"‘?1':{1{5: _?lﬂsz: +§ Lefzl+ =1l4pztpz’+-
Thus By = 3ic By =1Eu(c — 3ei) + 5 6pcd
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_ f1f Filta-2cdy+l Faci
And ;= 5 oy < e
So that

§1 faci fic

a; —ual = g (@~ 2D Y 35 o0 T TeR I

£1 1 Lo &HE-21
—cf ;.(1 _E_'U—E{E — ) ] .

1@ _20)
Therefore
, ¢ .
Gy — ua; = 23 — 200 {6y —eiv)
_1 £ (o £ () (a-21
wherev = :(1_ el b )
Assume that
@ led-¢"ledylz-1 _ (g o)+ oy l2-20
and &, = o a2

by = " o2z -2

Sothat, If u < 5y then
() {-E'(U]]:

o —wail S 5o TE

and if 6, = u = &, then
£7(0)

o muel =35 2

also, if u = &, then
£ (0) (£'(0))?

o —pazl < = o oy e e
To discuss the equality in the above bounds, we must define the

following operators:
IKL [
n x= #ﬂ: p(z*1), K, (0 -1=0=K, (0.
TE (x.:x+.1:-) i) —1=0=J,00), for (0<i=1)

%= eotjalzl) T Mi+dz /'
_ x?-.’ﬁ[z_\ _ z(z+d)
= golHylzh (_ 1+ ) HA{U:] -1=0= HA{U:] for =iz
ay
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where the operators ¥,.¥;, and ¥_; are in sk, (1,4, B).

By Lemma 1.5, if x = &, then the equality holds if and only if j, = for
one of its rotations, if u = &, then the equality holds if and only if &, = 7 or
one of its rotations. If 6, <u <&, then the equality holds if and only if
K, = f or one of its rotations. And if x =&, or u=< &, then the equality
holds if and only if k,_(z) = f or one of its rotations.o

Corollary 2.2. Let f € 5k,(4, A, B) fer —1 =B =A=1.Then
{(4A—B) (4 - B)*

26 —21) " 2-n2 if p=dy
2 ':A_B:] .
o, —uail = 56 = 20) if6, < u<h, .
—(A-B) (A-B) _
26—z P z-ne if uz 6,

The proof is obvious from Lemma 1.1 and Theorem 2.2.

The next result is needed for Hankal determinant inequalities for a
function f inSk.(1.4, B) from Theorem 2.1 and Lemma 1.2 when i =1.

Corollary 2.2.Let feSk,(1,ABlfor —1 =B =A=1. Then
7

losa, — ﬂ-':ld_:ﬁ and laay — aq|£ﬁ

Corollary 2.2.Let fe Sk, (1, AB)for —1=BE=<A=<1for0=<1=1 Then
the differential equation

8f (=) 8f (=)
Az ‘pi( dz

has the solution

F2) = g [ oo(F2)) oz,

8z f {z]j

)+ -2 po(f@) =0

for some B € [1,00).

Proof. Since
0 (afgzg] a(zf'(z))
q—— 92 /7 : = (- ]3—2
(@) o)
4
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Then

an(p(f@)) = - D (LZ) + ¢,

dz

Without any loss of generality, let ¢ = 0and g = exp (). Then

Fi@) =8 olf2))ez fori<pg <o.o
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